We analyze the solvability of the inverse problem with an unknown time depended coefficient for a second-order hyperbolic equation.The initial problem is reduced to an equivalent problem. With the help of the Fourier method, the equivalent problem is reduced to a system of integral equations. The existence and uniqueness of the solution of the integral equations is proved. The obtained solution of the integral equations is also the only solution to the equivalent problem. Basing on the equivalence of the problems, the theorem of the existence and uniqueness of the classical solutions of the original problem is proved.
Introduction
Contemporary problems of natural sciences make necessary to state and investigate qualitative new problems, the striking example of which is the class of non-local problems for partial differential equations. Among non-local problems we can distinguish a class of problems with integral conditions. Such conditions appear by mathematical simulation of phenomena related to physical plasma [4] , distribution of the heat [1] process of moisture transfer in capillarysimple environments [2] , with the problems of demography and mathematical biology.
2 Problem statement and its reduction to equivalent problem.
Lets consider for the equation u tt (x, t) − u xx (x, t) = a(t)u(x, t) + f (x, t),
in the domain D T = {(x, t) : 0 ≤ x ≤ 1, 0 ≤ t ≤ T } an inverse boundary problem with initial conditions u(x, 0) = ϕ(x), u t (x, 0) = ψ(x) (0 ≤ x ≤ 1),
and non-local conditions u(0, t) = βu(1, t) (0 ≤ t ≤ T ), u(x, t)dx = 0 (0 ≤ t ≤ T ) (4) and with the additional condition
where β = ±1 is a given number , f (x, t), ϕ(x),ψ(x), h(t) are the given functions , u(x, t) and a(t) are the unknown functions. Definition. By a classical solution of the inverse boundary value problem (1) -(5) we understand a pair of functions {u (x, t) , a (t)} such that u(
The following lemma is proved similarly [4] Lemma1.
. Then the problem on finding the classic solution of problem (1) -(5) is equivalent to the problem on defining of the function u(
, and
3. Auxiliary Facts Consider the following spectral problem [3] :
Boundary value problem (8), (9) is not self-adjoint. The problem
will be a conjugated problem. We denote the system of eigen and adjoint functions of problem (8), (9) in the following way :
where
We choose the system of eigen and adjoint functions of the conjugated problem as follows :
It is directly verified that the biorthogonality conditions
The following theorem is valid. Theorem 1 [3] . The system of functions (14) forms a Riesz basis in the space L 2 (0, 1) and the estimates and
.
are valid for any function g (x) ∈ L 2 (0, 1). Under the assumptions
we establish the validity of the estimates:
Further, under the assumptions
we prove the validity of the estimates:
In order to investigate problem (1) - (3), (6), (7), consider the following spaces:
The norm in this set is determined as follows:
It is known that B 
3
Investigation of the existence and uniqueness of the classic solution of the inverse boundary value problem
Since the system (12) is a Riesz basis in L 2 (0, 1), and system (12),(13) is a system of biorthogonal functions in L 2 (0, 1), it is obvious that for each solution {u(x, t), a(t)} of the problem (1) -(3), (6), (7) its first component u(x, t) has the form:
Moreover, X k (x) and Y k (x) are defined by relations (12) and (13) respectively. Then applying the formal scheme of the Fourier method, from (1) and (2) we have:
Solving the problem (21)-(24), we find:
After substituting expressions u k (t) (k = 0, 1, ...) into (19), for determining the component u(x, t) of the solution {u(x, t), a(t)} of problem (1) - (4), (6), (7) we get:
Now, taking into account (19), from (7), we get:
To find the second component a(t) of the solution {u(x, t), a(t)} of problem (1) - (3), (6),(7) after substituting expression(26) into (29), we get:
Thus, the solution of problem (1) - (3), (6), (7) is reduced to the solution of system (28), (30) with respect to the unknown functions u(x, t) and a(t). Now, proceeding from the definition of the classical solution of problem (1) -(3), (6), (7) the following lemma is proved.
Lemma 2 If {u(x, t), a(t)} is any solution of problem (1) -(3), (6), (7), then the functions
Remark. From lemma 2 it follows that to prove the uniqueness of the solution of problem (1) - (3), (6), (7), it suffices to prove the uniqueness of the solution of system (28), (30). Now, in the space E 3 T consider the operator
u 0 (t),ũ 2k−1 (t),ũ 2k (t) andã(t) equal to the right sides of (25), (26), (27) and (30), respectively.
By means of simple transformations we find
a(t)
Suppose that the data of problem (1) - (3), (6), (7) satisfy the following conditions: (15)- (18), from (31)-(34), we get:
From inequalities (35), (36) we obtain:
So, we can prove the following theorem. Theorem 2. Let conditions 1-4 be fulfilled, and
Then problem (1) - (3), (6), (7) has a unique solution in the ball
Proof. In the space E 3 T consider the equation
where z = {u, a}, the components Φ i (u, a) (i = 1, 2) of the operator Φ(u, a) defined from the right sides of the equations (28), (30). Consider the operator Φ(u, a) in the ball K = K R from E 3 T . Analogically to (37), we get that for any z, z 1 , z 2 ∈ K R the following estimates are valid:
Then for (38), from estimations (40) and (41) it follows that the operator Φ acts in the ball K = K R and is contractive. Therefore, in the ball K = K R the operator Φ has a unique fixed point {u, a} that is a unique solution of equation (39) in the ball K = K R , i.e. it is a unique solution of system (28), (38) in the ball K = K R .
The function u(x, t) as an element of the space B 3 2,T is continuous and has continuous derivatives u x (x, t), u xx (x, t) in D T .
From (25)-(27) it is easy to see that
(λ k u 2k−1 (t) From the last relation it is obvious that u t (x, t), u tt (x, t) is continuous in D T . It is easy to verify that the equation (1) and conditions (2), (3), (6), (7) are satisfied in the ordinary sense.
Consequently, {u(x, t), a(t)} is a solution of problem (1) - (3), (6), (7), and by lemma 2 it is unique in the ball K = K R . The theorem is proved.
By Lemma 1 the unique solvability of the initial problem (1)- (5) follows from the theorem. 
